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Summary. The problem of spin-adaptation of the multi-reference (MR) coupled-
cluster (CC) formalism, employing Jeziorski—Monkhorst ansatz, is addressed. The
diagrammatic technique based on graphical methods of spin algebras is generalized
to the MR case, so that both direct and coupling terms can be determined.
Usefulness of this fully diagrammatic spin-adaptation approach is illustrated on
a derivation of explicit expressions for the linear and bilinear coupling terms that
are required in the special two-reference MR-CC theory involving singly and
doubly excited states (MR-CCSD formalism). Results obtained with the diagram-
matic approach are compared with those derived earlier using the algebraic
technique and relative advantages of both procedures are compared.
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1. Introduction

Recently, several advances have been made in the development and implementation
of the so-called Hilbert space or state universal multi-reference (MR) coupled-clus-
ter (CC) approach that is based on Jeziorski—Monkhorst cluster ansatz [1]. The
explicit equations for both linear [2] and nonlinear [3] versions of the orthogonally
spin-adapted MR-CC approach were derived for the special two-reference case,
corresponding to a valence space spanned by two active orbitals of different
symmetry. This derivation employed an algebraic approach formulated in terms
of spin-free replacement operators [4], even though the resulting terms were also
given a diagrammatic interpretation [3] in order to facilitate a comparison with
the single-reference (SR) closed-shell case. At the same time, a diagrammatic
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version of the theory was developed by Meissner et al. [5, 6] for spin-orbital and
non-orthogonally spin-adapted cases. The actual implementation of both ap-
proaches was tested on simple model systems investigated earlier [3, 5—-8] and the
approach was extended to incomplete model spaces [9]. ‘

The advantages and shortcomings of the spin-orbital vs orthogonally spin-
adapted version are the same as in the SR case: The spin-orbital formalism is
considerably simpler, so that it facilitates the design of more general codes
which, moreover, may be more easily vectorized. It also allows the use of
unrestricted Hartree—Fock (UHF) spin-orbitals which, however, should be less
important in the MR than in the SR case, where the UHF spin-orbitals enable
a SR handling of open-shell systems. On the other hand, the main disadvantage
of the spin-orbital formalism is the necessity to handle twice as many one-elec-
tron functions and correspondingly more cluster amplitudes. The orthogonally
spin-adapted version has the advantage of using the minimum number of cluster
amplitudes, in addition to an obvious esthetic appeal in exploiting the spin
symmetry of the Hamiltonian and a direct link with corresponding spin-adapted
configuration interaction (CI) approaches and there arising CI amplitudes. This
interrelationship may be very useful in actual computations of potential energy
surfaces in view of a possible multitude of various solutions that the highly
nonlinear MR-CC equations generally possess [8]. However, the orthogonally
spin-adapted formalism is considerably more complex than the simple spin-
orbital one, so that its computer implementation is more laborious and more
difficult to be cast into a recursive form.

In either case, the MR formalism is much more complicated than the well
known SR versions, since in addition to the so-called direct terms, that for each
reference configuration are essentially the same as the SR equations, we also
need so-called coupling terms [2, 3, 10}, which have no counterpart in the SR
case. In view of this increased complexity, one must take special precautions in
order to develop an error-free formalism. Thus, to ascertain the correctness of
the orthogonally spin-adapted formulation, it is desirable to carry out an
independent derivation of basic equations. Relying on the diagrammatic ap-
proach [11], this is quite straightforward to achieve for the direct terms in view
of their similarity with those encountered in the SR case. However, for the
coupling terms, the diagrammatic technique [11] based on graphical methods of
spin algebras [12] must be generalized to the MR case, involving different model
space references. We present such an extension below and amply illustrate it on
an independent derivation of the linear and bilinear coupling terms for the
closed-shell type reference states. In particular, we independently verify the
correctness of the formalism presented in [3].

The paper is organized as follows. We first recall basic definitions and
notation and in Sect. 2 we generalize them to the MR case. Then, we employ
the resulting formalism to derive the MR linear and bilinear coupling terms in
Sect. 3 and compare the result with the algebraic derivation in the concluding
Sect. 4.

2. Basic formalism
We consider two-dimensional model space [2, 3] spanned by

2,5 ={(core) &K'} and |@,) =|((core) T,
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with &k and !/ transforming according to d1ﬁ"erent irreducible representations of
the spatial symmetry group of the system, ] u ) |/,t>|2, +1> and curly brackets
designating the antisymmetrization. The reference configurations |®;), j =1, 2,
may be interrelated as follows:

|9,> =GL(0) |9,  |D1) =Gi(0)|D,), (D
where, generally,
Ggg(l) = Nogza‘s’cgz;(i)’ i=0,1, (2)
with
NG =[(1+0,5)(1+6%)] 2 2
and

Sg;(i)=[i]~% YooY Gmy, smglim>Gme, sme|imyX o™X, XX, o

my,mg,me,me m
(2

represents a particle-particle—hole-hole (pp-hh) coupled orthogonally spin-
adapted biexcitation operator [13]. We employ a convention designating the
dimension of the spin space (25 + 1) by [S], i.e. [X]=2X+1 for any spin
quantum number X. The corresponding monoexcitation operator is then:

G¢ = §¢ = 273X"X,,. 3)

We write X" = X1, and use Einstein summation convention to indicate unre-
stricted summation over repeated upper and lower indices [e.g., m in Eq. (3)].

Occupied orbitals in the reference state, chosen as a Fermi vacuum (in most
cases |@,)), are labeled by o, f,. .., whlle the unoccupied ones by g, 0,....
Core orbitals are labeled by q, b, . . ., virtual orbitals by r, s, .. ., and the labels
K, 4,... are employed as generic indices that run over all (occupied and
unoccupied, or, core, valence and virtual) orbitals (cf. Table 1 of [2]). In addition
to fixed valence labels k£ and I, we also employ free (summation) [14] valence.
labels &’, £” and [’, I”, which in the two-reference case assume a single value,
k'=k"=k, I'’=1"=1 We also note that formally

S; =89,
Sen(@) =[S, (4)
N =N =(NH)*,
so that we may define

Gz = (G, (5a)
Ga() =[GH O™ (5b)

In particular,
7(0) =[GR(0)]". (6)

When the cubic and higher-order terms in cluster amplitudes are nelgected,
the coupling term A, (cf. [1]),

A, ={PG,®,|e T eT?|®, HE, g=3—p,p=1,2, (7
can be written as
— <(p)Gi¢p l T@ _ T | qsq > Heﬂ“
+%<(”)Gi¢'p|(T(‘1) — TWP)2 4 [T@, T(")]|¢ >qu’ €3]
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or
A, = <(p)Gi¢p | TW _ T(”)ld5q > H;;f
+HPG@,|TO? + TP —2TPTD| @, SHEE, 9
Here
H;g=<¢q’€_T(p)HeT(p)|¢p> (10)
= (D, |(Hy, e™)c|®,> (11)

is the effective Hamiltonian matrix element and PG, designates a spin-adapted
singlet excitation operator, Egs. (2), (3), that generates excitations outside the
model space. This excludes operators like VG4 or PWG%,(0). The superscript (p)
in PG, indicates that the excitation operator is deﬁned with respect to the
reference |<D > and the subscript C designates the connected component. Simi-
larly, the subscript N, in Hy designates the normal product form of H (cf. [14])
defined relative to |d§ >. Clearly, H:T depends only on the valence indices that
distinguish |®, > and |d5 >. For example

H5 = (@, (Hy, e™)c| @)
= <‘D1|(1)G (0)(HN1 Tm)c|‘p1> gu s (12)
where in the last identity we employed the notation of [3] [Eq. (21)]. Similarly,

H{f = <¢2|(2)G (0)(HN2 7(2))c|‘15’2> g (13)
Of course, matrix elements H<T in Eqs. (8) and (9) are sometimes replaced by
truncated quantities, like H,, = <¢q|H n,| @, ) or by (&, |H +[H, TV]|®,)=
{P,|[H v, (L+ TP |®,>. Tn order to ‘parallel the results obtained with the
algebralc approach [2, 3], we shall rely on Eq. (8), although Eq. (9) will also
prove to be useful (cf. Sect. 4).
We employ the CCSD approximation, i.e.:

T — T(p) + T(p) (14)

where, in the orthogonally spin-adapted formalism,

T4 = Z |8P|ayPGe (15)
_ (p)tz (p)Sg, (16)
1
TP =Y Y <oo|t|aB);PG%() {an
;§5’=°

=% Z (p)tmﬂ(,)(p)se 03] (18)

with
Pr(i) = N2 (oo | 1 ]ap,. (19

Choosing |®,> as a Fermi vacuum, we can represent the operators T,
i=1,2, Egs. (15)—(18), by Hugenholtz vertices whose nonoriented form is
shown in Fig. la,b. Similar diagrams can be used to represent excitation
operators (2) or (2”) and (3). To make the distinction, we shall use a filled
circle in the latter case. The diagrammatic representation for the operator 2
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¢ @ —@—
vertices representing the operators T¢{?

(diagram a), TS (diagram b) and 29
(diagram c) as well as 7% (diagram
d) and T4 (diagram e), when &, is
chosen as a Fermi vacuum

-that transforms |®,) into |®, ), ie.,
Qi =GL(0), Q=G0 (20

is shown in Fig. lc. Although in the diagrams a, b and ¢ of Fig. 1 all the lines
extend to the left, there is an essential difference between them. According to
general MR-CC formalism [1], cluster amplitudes must carry at least one
non-valence (i.e. core or virtual-type) index. Thus, at least one line of diagrams
representing T¢”, i = 1, 2, must be of a non-valence type, while all the lines in
the Q¢ diagram, Fig. 1c, carry valence indices. Using the MR-MBPT terminol-
ogy, diagrams representing 747, i = 1, 2, operators are open while that for Q¢ is
closed. Representing valence lines by double arrows, we thus have that

Fig. 1a—e. Nonoriented Hugenholtz

=0, @1

(22)

= %ﬂ . (23)

In other words, the resulting diagrams, in which all the lines that are incident
with T(?, i = 1, 2, vertices are of the valence type, must vanish.

Notice that the diagram of Fig. lc can also represent the operator T [cf.
Eq. (27) of [3]],

Wwy

TP = HEQq (24)

qp == p>

that describes an excitation inside the model space, in contrast to operators T¢?,
creating excitations into the orthogonal complement of (i.e., outside) the model
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space. This operator is closely related with the effective Hamiltonian
(AHT = PHUP,, (25)
or the effective interaction
Pyt = PH ~,UP,, (26)

and can be written explicitly as follows (summation convention does not apply
here since k and [ are fixed):

T = gl G (0), (27)
T(2)=gkk i7(0). (28)
Here,
P=P +P,, r=12, (29)
and
U=eT™P, +e™PpP, (30)
is the usual Bloch wave operator [1]. For example,
(PHA=HAP + TP, (31)

where [cf. Egs. (10) and (11)]

Hf={(®,|e"TPHe™|®,>

= H,, +{®,|(Hy, e™")c|®, ). (32)
To derive Eq. (31), we have to realize that
Qle,) =0, (33)
so that
TPP=HIQIP, + P,)=HE|®, <D, (34)

It is thus not surprising that diagrammatic representations of T, and of
operators (25) or (26), are similar [5, 6].

Clearly, the diagrams representmg conjugate excitation operators (PG2% or
(mge and (P)G“ﬂ(z) or (PS%(i), Egs. (4), (5), are conjugate to those of Fig. la b.
It thus remains to draw the diagrams which represent the cluster operators T(‘”
(i=1,2), when @, (p # q) is chosen as a Fermi vacuum. We can use the same
type of vertices as shown in Fig. 1a (for i = 1) and 1b (for i = 2). Clearly, they
must be labeled with g instead of p and, in contrast to diagrams representing
T¢?, the fermion lines may now extend to the left as well as to the right (see Fig.
1d,e). Since all the lines that extend to the right carry valence labels that
distinguish @, and @, at least one line incident with T vertex must extend to
the left, lest “the dlagram vanishes (cf. Fig. 1d.e). Otherw1se contrary to the
results of the general MR-CC formalism [1], the cluster operators TP would
produce excitations into the model space.

Equipped with this diagrammatic representation, we find that within the
realm of the CCSD approximation (i.e., considering only singly and doubly
excited conﬁguratlons relative to a given reference), only a few terms 1n Egs. (8)
and (9) survive. For example, the linear term {”G;®,|T®|®, >HN, which is
represented by diagrams resulting from one skeleton of Fig. la,b and the
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skeleton of Fig. lc, must vanish unless (PG, represents a triexcitation (for the
T{” component) or a tetraexcitation (for the T$ component) operator, since no
lines of T¢” and Q¢ can be contracted (see also Table 3 of [2]). Thus, since we
restrict ourselves to singly and doubly excited cluster components, Eq. (14), this
term will vanish as does the quadratic term in T, We also see easily that from
(PG,®,|T9T (P)|<p > and ("’)G ®,|TVT9|@, > terms, only the terms involving
TY and T{P survive, assuming that G represents at most a double excitation
[cf. dlagrams in Fig. 11d and h in Sect 3]. We thus find that the coupling term
A,, Eq. (8), can be rewritten in the form:

2 2
= Y RPGH+ Y BRGH+BR@G, (35)
n=1 nn =1
where =m
R(P)(GT) = <q§ |(p)G’r T(q) I(p >qu, (36)
2
BP(GH = 1<q§ |(p)G‘r T@ ‘@ >qu, (37)
BR(G]) = (D, I(p)G’r TO(T@ — T(p))'q) >qu, (3%)
(p)(GT) =(9P, |(p)Gf [T, T(P)]|¢ >qu, (39)
while Eq. (9) becomes:
2 2 -
A=Y RP(GD + Y BR(G) +BR(G]), (40)
n=1" n=1
where
BY(G]) = <(&,| PG (TP — TPV)TP| 8, YHsp. (41)
Equivalence of Egs. (35) and (40) is obvious, since
B®(G]) = BY(G]) + BR(G)). (42)

Although Eq. (40) is simpler, Eq. (35) is more convenient when the algebraic
approach based on the E-operator technique [2—4] is employed. Eq. (35) can
be rewritten in terms of commutators, which can be evaluated using the
contraction theorem [15] or analogous rules. This is why Eq. (35) was used in
[3] that relied on the algebraic approach Another reason for splitting of B(P)
into B{® and Bﬁlz’), Eq. (42), will be given later. On the other hand, Eq. (40) is
more convenient in the diagrammatic approach, since it contains fewer terms to
evaluate. Nonetheless, we shall use Eq. (35), since we wish to compare the
dlagrammatlc method with the algebralc replacement operator technique {2—4]
of spin-adaptation.

We can limit ourselves to Egs. (35) and (40) for p = 1. Corresponding
expressions for p = 2 easily follow from the former ones if we 1nterchange indices
k and [ and the amplitudes of T® and T®. To derive explicit expressions for the
R, B and B terms in Eq. (35) for G,=G¢ and G%(), i=0,1, using a
diagrammatic technique [11, 13b] based on graphlcal methods of spin algebras
[12], we first introduce orbital and spin diagrams representing basic quantities
(operators) in Eqs. (36)—(39), as indicated in Figs. 2 and 3. Brandow-type
orbital diagrams representing cluster operators TV, i =1,2, with L¢I> as a
Fermi vacuum, are shown in Fig. 2a and c, while those representing T®, i = 1, 2,
components are displayed in Fig. 3. Formally, all the orbital and intermediate
spin labels are free, including valence labels k', k”, I’ and " in Fig. 3. Of course,



76 P. Piecuch and J. Paldus

p 1 P
Nt g
A A
z %m“ g %ma
a b e f
L 2My £ . 3m,
o 1 i 1m i a ! Im
2 B
g i [i] z i i s No? i E mg
B 1 . ) B + 10
im =M
2 2
c d g h
/
-
- 1 1 iz 2M c
~ols| WP
k lmi
2
i |

Fig. 2a~j. Diagrammatic representation of the operators 7", Eq. (16) [diagrams a, b], T$", Eq. (18)
[diagrams c, d], VG2, Eq. (5a) [diagrams e, fl, VG%(i), Eq. (5b) [diagrams g, h], and DGI(S)
[diagrams i, j]. Diagrams a, c, €, g and i represent a Brandow-type version of nonoriented Hugenholtz
vertices of Fig. la—c, while b, d, f, h and j are the corresponding 3-jm-type spin diagrams

in the final expressions pertaining to the two-reference case considered earlier
[2, 3] we have to set k' =k" =k and I’ =1" =1, since there is only one valence
orbital (k) occupied in |®,) and unoccupied in |®,) and, similarly, one valence
orbital (/) unoccupied in |®,> and occupied in |@,>. The 3-jm-type spin
diagrams associated with T¢” (i = 1,2; p =1, 2) diagrams are shown in Fig. 2b
and d. The diagrams a and b of Fig. 2 can also serve to represent the single
excitation operators V'S¢ or G4, Eq. (3), provided that the orbital and spin
labels are fixed. Likewise, diagrams ¢ and d of Fig. 2 can be used to represent
double excitation operators (VS25(i), Eq. (2"), or PG (i), Eq. (2), assuming that
the normalization factor N¢; 1s incorporated “into the spin graph, Fig. 2d.
Corresponding conjugate diagrams e and g of Fig. 2 and associated spin graphs
f and h of Fig. 2 serve to represent conjugate excitation operators, Eq. (5). As
already mentioned, we use filled vertices for excitation operators. Finally, we
need a graphical representation for the operator VG (0) = G¥.(0) transforming
|®,> into |®,>. For combinatorial reasons it is prudent to consider a more
general operator "GY;(S), and set in the final expressions k =k, / =Tand S =0.
The Brandow orbital diagram and the corresponding 3-jm graph representing
MGI(S) operator are shown in Fig. 2i and j, respectively.

Rather than considering the R, B and B terms in Eqgs. (35)—(39), with p =1,
as matrix elements between (’G,®,| and |G (0)®,> that must be subse-
quently multiplied by HST = g%, we can also express them via the operator T4V,
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Fig. 3a,b. Possible
Brandow-type orbital dia-
grams representing 7 (a)
and TP (b), with &, cho-
sen as a Fermi vacuum,
corresponding to nonori-

r r a i ented Hugenholtz vertices
a _‘_@_‘(_ @ of Fig. 1d and e, respec-
tively. Scalar factors asso-

ciated with diagrams a are
4 @ya D¢t and Pt re-

'~

L

—

a 2 2 spectively, and scalar fac-
b s tors associated with b are
N S, S, @yab(s,), Drat(8,),
(2)tab (S ) (2)t1r (S ),
(z)t;‘é’}’y(s,-), ‘2’1 (’255 ),
. , N A d @28 (S,)
! N k ﬁ / trk (Sz)’ an kK" s
: ? : 2 — 2 respectively. In the final
. S ” b S a s © formulas, we have to set
e\ >\ D\ kK=k'=kandl'=l"=I
We do not present corre-
sponding spin diagrams,
r ra N\ K’ since they are identical
2 2 with those given in Fig. 2b
s ,,. s, r [for diagrams of part a]
' ? u? and Fig. 2d [for diagrams
3 of part b]
Eq. (27), which can be written as
T =13 O%fE (9) 81 (S), (43)
where k', k”, I’, I” and S are free summation labels and
Wy () = 0 0% 01,01 050(N i) "2kt (44)
Indeed,
RI(GT) =<&,|VGITPTY|, ), (45)
2 o
BONGT) = 3@, |VGI TP TP 9,), (46)
(D(GT) = <q§ I(I)GT T(Z)(T(z) T(ll))fgl)l(pl >’ (47)
BR(G]) =<@,| VG TP, TOITP| D)) (48)

Expressions (45)—(48) can be directly evaluated once we choose a suitable
graphical representation of the operator T4V, Eq. (43). To this end we can use
diagrams i and j of Fig. 2, provided that we replace fixed orbital labels k, k by
free ones k', k", regard spin label S as a summation index and remove the factor

I from the spin graph in Fig. 2j. The scalar factor associated with a modified
orbltal diagram, Fig. 2i, is then y%%'(S), Eq. (44). Thus, the coefficients (44)
play now the same role as the unnormahzed pair-cluster amplitudes (P¢26(7), Eq.
(18).

We can thus find the exphclt expressions for R, B and B terms by either using
Eqgs. (45)—(48) with T4V given by Eq. (43), or by using Eqs. (36)—(39) and
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evaluating the matrix elements between ("G, ®,| and |G (0)®, ). Although both
methods must yield the same result (cf. the next section), the latter one is slightly
more convenient, since in the resulting Brandow diagrams we do not have to
draw vertices representing (VG| and G¥.(0) operators. When Eqs. (45)—(48) are
employed, vertices representing the 7" operator must be drawn.

3. Diagrammatic evaluation of the coupling term

When deriving the explicit form of the coupling term A,, we need the expression
for gk ‘Eq. (12), assuming that 7™ = T 4+ TV, This was already accomplished
in [16], where we found that

4
giF = NL (@) | OSE(O)(Hy, e+ ™) |0,> = 1 X 45O (49)
=

The explicit expressions for the quantities (VA% (i) are also given in [16], (cf.
Egs. (57)—(61) of [16]). Different truncation schemes for the expansion (49) will
lead to different versions of the quadratic two-reference CCSD formalism
considered in this paper, since both the matrix element of the product e =7 ¢7®
between (UG, @, | and |®,> = |G (0)®,> (see Eq. (7)) and the effective Hamilto-
nian matrix element HSY contain higher than linear terms in cluster amplitudes.
We may, for example, consider the theory in which the entire coupling term is at
most bilinear in cluster coefficients. In such a case, we only need those parts of
(DA% (0) that are at most linear in cluster amplitudes (see Egs. (8) and (9) or
(35)—(41)), so that j =3 and j =4 terms in Eq. (49) do not contribute and,
consequently (see [16]), .

it = ot + By — o8 V) + O O (0) — i)
+ 3[o§7 DrEE(0) + 0XE V1P (0)] + v Delr(0) + 3 Drk(1)] — 20k Drk2(0),
(50)
where
Of e =2k + (203 —v%), (51)

(« runs here over the orbitals occupied in |®,)), and zi=<(x|z|A) and
v! = {xli|v|uv) are, respectively, standard one- and two-electron integrals. The
whole expression (50) then enters R{’(G]), while only the constant part of it
(i.e., the term v%¥) enters BL)(G) and B{Y(G]). We can also consider a higher
level formalism, in which in calculating R, B and B terms the entire expansion
(49) (containing even quartic contributions in cluster amplitudes; cf. [16]) is
used. Finally, we can consider an intermediate version, in which we include at
most bilinear terms in both the matrix element of the product e =7 ¢™ and the
effective Hamiltonian matrix element HSE. All these versions are based on the
same formula for A,, Eq. (35) or (40), and in all of them the explicit expressions
for (A%(i), which were derived in [16], apply.

Now, to apply the diagrammatic procedure [11, 13b] to Egs. (36)-(39) with
p =1, or Egs. (45)—(48), we must first draw all possible nonequivalent, nonori-
ented vacuum Hugenholtz skeletons that can be formed from the vertices
representing the operators ("G or VG2 (i), G%.(0) or T, and the pertinent
products of cluster operators. Once this is done, we have to introduce orienta-
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tions and labeling of lines in all nonequivalent ways. Then, each Hugenholtz
vertex is replaced by its Brandow version, yielding the orbital diagrams, and,
finally, the corresponding spin diagrams are constructed. The desired final
expressions are then obtained by combining the resulting spin-coupling co-
efficients (determined by exploiting the graphical methods of spin algebras [12])
with the orbital factors.

As mentioned earlier, there are at least two possible strategies to follow: we
can either calculate the matrix elements between (G;®,| and |G (0)®,),
corresponding to Egs. (36)—(39), or use Eqgs. (45)—(48) w1th T defined by
Eq. (43). Let us illustrate these two possibilities on a typical example con-
sidering B(‘)[G“ﬁ(l)] Eq (39) or (48). Instead of the matrix element
(D, |VGEWDTE & , TG E(0)|®, > we consider a more general one, namely

B ={(D,|DGLOTY, TIVGES) |2, (52)

which would be needed when more than two active orbitals were involved. To
evaluate B, Eq. (52), we have to draw four Hugenholtz diagrams, whose .
Brandow form will be given later (cf. Fig. 12a—d), when all the coupling terms
are systematically evaluated. One of these diagrams (cf. Fig. 12a) gives the
contribution:

2738,[S]ANEN TS () {85,001 0(1) {V1g @t (S)}, (53)
which for k =k, I =T=1" and S =0 (the case considered in this paper) equals
(cf. Eq. (109))

2733, N2E5LSL 5 D1z DfL(0). (53)

Note that the corresponding spin graph (see the Appendix, Table 3) gives the
factor 2— 25,S[S] 2, which, due to the presence of the normalized bra and ket
states in Eq. (52), is multlphed by N% and NY. The weight of the diagram
equals to one. Further, #**(i) is a two index symmetrlzer (i =0) or antisym-
metrizer (i = 1),

S = Fa(@) =1+ (= 1)(xA), (54)
with (kA) designating a transposition of indices x and A, and
S =Ky =FH0) = %1(0) = 1+ (k4). (55)

To get the contribution corresponding to E(‘)[G 2(i)], we have to multiply the
expression (53) by g% . Now, if we use Eq. (48), *with T defined by Eq. (43),
we must again consider four Hugenholtz diagrams. Brandow version of the
diagram corresponding to the contribution (53) is shown in Fig. 4. As usual [11],
the vertex representing the bra excitation operator G%(i) is not explicitly shown.
Instead, external lines carry the fixed orbital labels characterizing G35 (z) and
different labehngs of external lines are represented by the symmetnzer S, As
pointed out in [16, 17], this notation is very convenient, since it prov1des a
one-to-one correspondence between the symmetrizers % “f (%,) in orbital dia-
grams and the (anti)symmetrizers & *(i) (%,(i)) in algebraic expressions. As
usual [16, 17], the summation over the intermediate spin quantum numbers S;
and S is already carried out in the diagram of Fig. 4. It can be easily verified that
the spin diagram restricts the summation over S; and S to only one term labeled
by S; = S =i. The algebraic expression corresponding to the diagram of Fig. 4 is
thus:

273 ANy LK (i) 5 (i) Oty Ot (D). (56)
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o -l
1
;
L < i
s oY A

i Fig. 4. Brandow-type orbital diagram yielding the

contribution (53), when Eq. (48) with T4 given by Eq.

(43) is used (cf. Fig. 12a). The rightmost rectangular

L] 1 vertex serves as a graphical representation of TD (see
Sect. 2 for details)

In this case, the spin diagram gives the factor 2- i[z] 3, the bra state gives the
normahzatlon factor N2£, and the weight is . From the definition of the scalar
factor y%¥", Eq. (44), it follows that

Voa (1) = 20§65 6,658,085, (57)
so that we can rewrite Eq. (56) as
260[1] 2N°‘ﬂ5"5" '6L65 gk B(i) Ve Defl (i)
= 2_25i0N25525fr gL Oty D (0), (38)

where the summation over [’ extends over one value, namely !’ =/ This is
precisely the previous result, Eq. (53). We thus see that both the calculation of
the matrix element B, Eq. (52), and the application of Eq. (48) with T¢ defined
by Eqg. (43), lead to the same result. The latter method requires the presence of
the TS vertex in the orbital diagram that can be avoided when the former
approach is used. Moreover, calculation of sl1ghtly more general matrix elements
between ("G¢@,| or <(‘)G9"(z)<15 | and | "G Y(S)®, > may be useful, when more
than two active orbltals are 1nvolved Although this increased generality can also
be achieved by redefining y%¥'(S), in the following we employ the method, which
is based on the evaluatlon of the matrix elements between (®G,®,| and
[DGIAS)D, ).

3.1. Explicit expressions for linear terms

Consider, first, the linear terms RI(G]) (n =1, 2). It can be verified (cf. the
discussion before Eq. (35)) that

(®,|PG2TP OGE (S |®,> =0, (59)
so that, in particular,
R{GZ) =0. (60)

For the two-body component, R{P[G%£(i)], we can draw two distinct Hugenholtz
diagrams that correspond to a single nonoriented Hugenholtz skeleton shown in
Fig. 5. Their Brandow re];resentatlves associated with the general matrix ele-
ment (P, |VGEG TP VGIA(S)| D, ), are given in Fig. 5a,b. Notice that Brandow
vertices representing (I)G“" (i) and DGZ(S), Fig. 2g and 2i, respectively, are not
explicitly shown. Instead as in the dlagram of Fig. 4, all external lines are
labeled by the fixed orbital indices characterizing the operators ‘VG%(i) and
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Fig. 5. Nonoriented Hugenholtz
skeleton corresponding to
RGO

Fig. 5a,b. Brandow diagrams
corresponding to
(8,|VGLHTP OGI(S)| @),
representing the successive terms
on the right-hand side of Eq.

a b (61)

WGZ(S), and distinct labeling schemes carried by the external lines are repre-
sented by the symmetrizers ¥, &%,,, & T and % (see [17]). In this way, the
resulting diagrams (Fig. 5a,b) are much more transparent than in the case when
all the vertices are explicitly shown. However, in determining the sign factor
(=1)'** where I designates the number of closed loops and 4 the number of
internal hole lines (cf. [14]), we have to join all the external lines of our diagrams
(cf. Fig. 5a,b) with vertices representing the excitation operators, "G%(i) on the
left and PG¥(S) on the right [cf. Fig. 2g and 2i, respectively], and regard them
as internal lines.

To obtain the final algebraic expression that is associated with a given
diagram, we evaluate and combine orbital and spin factors corresponding to
each diagram while ignoring the symmetrizers, and replace the symmetrizers
S, %,, T and S with operators L (i), L, (i), #(S) and F(S), respec-
tively [16, 17]. Spin diagrams and the pertinent orbital and spin factors are listed
in the Appendix.

Evaluation of diagrams 5a and 5b thus gives:

(B[ OGLDTR OGT(S) |6,
= 2 W NENLS US)He(S)6L6]F *H(S) P16 — 61585, (S) @1l 5],
(61)

To obtain the expression for R{P[G25(i)], we assume that k =k, /=1, § =0, and
multiply the result by g% . Notice that the presence of N¥ introduces the factor
1, S(S) can be replaced by 2, and %(S) in Eq. (61) gives another factor of 2.
As a result, we get

. L o, [+ -4 o
RPIGH(D)] = ~ 220,85 Neh[0,0,. 5 P13of — 0301 ,, P1h6L),  (62)
or, in fact,
RIVIGHED] = —008k10,0,5 ¢ P136f — 6704, P1,0,]. (629
To derive Eq. (62"), we observe that in order to get a nonzero result, we must
have either g =g =L a #f (ror f=k)ora ==k, o #0 (¢ or ¢ =1), so that

always N2 =272 [cf. Eq. (2')], since « and g in ®¢% cannot simultaneously be
valence labels.
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Fig. 6. Nonoriented Hugenholtz skeleton corresponding to
RP(GY)

Fig. 6a,b. Brandow diagrams
corresponding to

(@,|OGETY OGL(S)| D). They
VR — E___ 5y Kk represent successive terms on the
right-hand side of Eq. (63)

"

[¢)]
ey

o
<\

We next consider the linear term R$P(G]). For the one-body component
RI(GZ) we get two Hugenholtz diagrams that correspond to a single non-
oriented Hugenholtz skeleton of Fig. 6. The corresponding Brandow diagrams
for the matrix element {(®,|VG2T? DGY(S)|®,> are shown in Fig. 6ab.
Evaluating these diagrams and corresponding spin graphs (cf. Appendix), we get

(@ VG5 TY VGI(S)| @,y = =27 INILL S) D1F(S)5}, — Se(S) PtTe(S)07],

(63)
so that the expression for
RING;) = gl < ®| VG TPGL(0) | @, (64)
is ’
RGY) = =2 % @15,(0)8, — 1l (0)55]. (65)

The only nonvanishing cases are R$)(G?) and R{P(GF).
For the two-body part R{V[G2(i)], we can also draw a single nonoriented
Hugenholtz skeleton (Fig. 7). The corresponding Brandow diagrams that are

associated with the matrix element {®,|VG*#)TY DGI(S)|®,)> are given in

Fig. 7. Nonoriented Hugenholtz skeleton corresponding to

RPIGED]
> s P s e P s
17 i /], aff
S E—)——& Skl? é I S Sk,-(S Spa -"—)—é—'»—k
/ k o e i
o i k B » k
a b c

Fig. 7a—c. Brandow diagrams corresponding to (&, | MG (i)TY DGI(S)|®,>. They are associated
with successive terms on the right-hand side of Eq. (66)
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Fig. 7a—c. Notice that spin coupling coefficients corresponding to 44 and pp cases
[diagrams 7a and 7b] restrict the summation over S, to only one term, S; =S,
while for the ph case [diagram 7c], the summation over the intermediate spin
quantum number (S; =0 and 1) remains. Evaluation of diagrams 7a—c yields:

(D|VGEDNTY DGL(S) |1
= NZN {&-s[S] “HOHS)FN(S)848% + PL(S)%i(S)53:F)
1
+ S U)K S)F ()% ()55F 3 i S, SECG, S, S) (Z)IZL(S,-)} » (66)
5,=0

where the multiple symbol [X;, X,, ..., X,] designates the product [[7_, [X,]
and C is a well-known (cf. [11]) 9-j coefficient

X, 3 3

C(XlaX2> X3) = % X, % (67)
1 Ly
2 2 3

Assuming k =k, [ =1, S =0, multiplying the resulting expression by gi*, and
using the relation

C(X15X2=0) =%U(X19X2)’ (68)
where U is the 6-j coefficient defined by

U(XI,X2)=U(X2,X1)={ (69)

Nl tol=

ST NIES

i

——
-

we find that

RG] = N8 {m@)zzﬁ(ow;a; O (0)575f]

1
+ P80, ()0L08 Y. [, S,PUG, S,-)(Z)tZi(Sf)}- (70)
S;=
The first term in Eq. (70) contributes only when a =a, f=b, ¢ =0 =1, the
second one contributes when a =f =%, ¢ =r, 6 =s, while the third term
becomes nonzero only when the operator (G2 (i) is of the type G (i). Other-
wise, RV[G(i)] vanishes.

3.2. Explicit expressions for bilinear terms

Here we have to consider four distinct contributions, namely, B{)(G]) (n =1, 2),
BY(GT), and ES‘Z)LGI). Although the latter two contributions can be replaced
by the single term B{Y(G}), Eq. (41), in this section we examine them separately,
since we wish to compare our results with those of [3]. Direct evaluation of the
contribution B{Y(G}) is discussed in the next section.

Since no vacuum diagrams can be drawn for B{Y(G2) (all the lines on the
leftmost T vertex would extend to the right), we have that

1@, | MG TP? OGI(S)|@,) =0, (71)
and
BO(GE) =0. (72)
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Fig. 8. Nonoriented Hugenholtz skeleton corresponding to
BRIGEM]

1], B k c li B a &
S Sk “’—(:)—»— _‘_C)_“' S78,, —’—<:>—»—
p I a > k el - i
c i B k B » k

a b c

Fig. 8a—c. Brandow diagrams corresponding to %<¢1|(‘)Gz§(i)T§2)2 WGI(S)|@, ). They are associ-
ated with successive terms on the right-hand side of Eq. (73)

However, for the two-body component B{Y[G3(i)] we can draw a nonoriented
Hugenholtz skeleton shown in Fig. 8. The corresponding Brandow diagrams,
representing the matrix element 5(®,|VGEH) TP OGIA(S)|®,), are listed in
Fig. 8a—c, and give:

1@, | VG TP OGI(S) | @, > = 18,sNBEN LS HS)KilS)

x [Ptz DE5L 6T 4 @ff Ol 5258

— P H(8)L,(S) Pt PtL 5407, (73)
Thus, the result for
BRG] = Lg% (8,| VG ) TP GL(0) |6, ) (74)

takes the following form:

BRIGH D] = 008 NS P12 1550, + @1, @168 — S, D1 P1,6[6,].
(75)

As in the case of R®[G()], the first term in Eq. (75) contributes when a =a,
B =b, 9 = ¢ =1, the second one becomes nonzero when a ==k, og=r, 0 =5,
and the third one contributes only when (VG2£(i) is of the type G (i). It is thus
not surprising that R{P[G¥(i)] and B{Y[G3(i)] can be combined together
assuming that the same expression is used for g entering Eqs. (70) and (75).
This is certainly the case when all the nonlinear terms are taken into account in
calculating the effective Hamiltonian. Using the explicit values of the 6-j co-
efficient U(X, X,), Eq. (69), (see Table 1), we can write:

RG] + BRG]
=g Ngh (000505 DD (0) + 030¢ P D5, (0) — % ,6,0f O M)
+ (1 = 80)F ()%, ()350£ PPy }, (76)
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Table 1. Explicit values of 6-j co-
efficient U(X,, X3), Eq. (69)

X X, U(Xy, X3)
0 0 -1
1 :
1 1 i
where
PDB(i) = Praf(i) + i (@) P Pe8, (77)
(p)Mzg =y Zg + (p)tg (p)tg’ (78)
(PpsB = L13h paB(0) — Ppab(1)], (79)
Qo 2 Q [«
and
428 = L[P72B(0) + 35 PB(1)]. (80)

Notice that the express1ons (PD(i), Bq. (77), and ‘P 4%, Eq. (80), appear in the
SR orthogonally spin-adapted CCSD equations [16]. The quantity ‘"M% can
also be written as

PMg =3[PEf(0) ~ 32 PEL (D], (81)
where
WEL() = Pek0) +3(— DTE Pef Pz, (82)

which is another expression that appears in the direct term [16]. Clearly, this is
not a coincidence. Indeed, quantities (P43, VD), PE(i), etc. enter the
direct term when we group together the connected and disconnected cluster
components of the same exc1tat1on order, which is the case in Eq. (76), where
we grouped T® with 17®”. In diagrammatic language, we can say that the
term 1T(* results from a “splitting” of the T vertex into the two T vertices
(cf. Flg 8a—c with Fig. 7a—c and the discussion in [16]). No such splitting is
possible when we consider the one-body component R§’(G%), since one of the
T$? vertices in the resulting diagram would carry only the valence labels (see Fig.
6a,b). Consequently, B{)(G2) =0 (cf. Eq. (72)).

Consider, next, the nonlinear term BY)(G]). For the one-body component

B$)(G?), no vacuum diagrams can be formed, so that

L@, |0G2TY* OGI(S)| @, =0, (83)
and
BY(G3) = 0. (84)

For the two-body part BY[G%(i)], we can construct two nonoriented Hugen-
holtz skeletons (Fig. 9) of four Brandow diagrams (Fig. 9a—d). As in the
preceding cases, the Brandow dlagrams (Fig. 9a—d) correspond to a general
matrix element 5{®,| G ()T OGIL(S) |®;>. Combining the orbital and spin
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Fig. 9. Nonoriented
Hugenholtz skeletons
corresponding to
BRIGEO). (x. )
indicates which Brandow
diagrams of Fig. 9a-d
are associated with a

(a,b) (c.d) given skeleton
B k !
2 O
S feed s I
floop & NG N\
S5 N~ Y S, E N
2 “Y2)
o i I Q i k
A e
a b
{e)~ SaUas
1 af
o 7~ X S SkRS - 7~ ; Fig. 9a—d. Brandow diagrams
2™ “qo corresponding to )
. .1 WEB (TR WG
8 S k N ool 2(451[ GQU(I)TE Gkk'(S)l‘pO-
./ ./ They are associated with successive
terms on the right-hand side of Eq.
c d (85)

factors (cf. Appendix) gives:
1@, | PGHENH T VGIL(S)|®, ) = NENT {~%[3”’(S)yaﬂ(i) @ () DrBE(S)
+ Fl(8) S, (1) P2 (D) D1 T(S)] + 5,5[S]17! PLdS) @t L(S)
+ ¥ U 81, 51, SPRG, S1, ST, )7 () %e(S)7 1) V1ih(S]) <2>_t5£(S%)} ,
(85)

where the coefficient R(X, X,, X3, X,) is a 12-f symbol of the second kind [12]
defined by (cf. [16, 17])

I3 1 3
R(Xu X29 X39 X4) = Xl X2 X3 X4 . (86)
EEE

Assuming k =k, [ =1, § =0, multiplying the resulting expression by g%, and
using the relation [12]

R(XI,X29 X35 0) =1V(X15X29X3)25 (87)
2
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where V is the 6-j coefficient defined by

X, X, X
V(XlaXb X3) ={ ll 12 13}') (88)
2 2 2
we obtain
BRG] =gk Nt {—Wo’) @yl (i) D (0) — S0 (i) P2(E) @1 (0)
+ 3, @128(0) @1,(0) + 2 z li, S}, S2EV(, S, 87)?
« ) V1 (5} ><2>z£a<s,@)} . ®9)

The 6-j coefficient V, Eq. (88), has the same symmetry properties as the 9-j
symbol C, Eq. (67), namely

V(Xla XZ: X3) = V( iy i29 X'i3)a (90)

for any permutation of indices 1, 2, 3. Equation (89) implies that B$Y[G2£(i)] # 0
only when « and f are core orbitals and ¢ and ¢ are virtual orbitals. This is also
clear from Fig. 9a—d, since 7@ vertices cannot have valence lines to the left (cf.
Fig. 3).

Let us now turn to the most complicated bilinear term, namely, B{Y(G]). For
the one-body component B{Y(G%) we can draw two Hugenholtz diagrams that
follow from a single nonoriented Hugenholtz skeleton of Fig. 10. The corre-
sponding Brandow dlagrams associated with the matrix element
(D, |VGETP (TP — TV)MGE(S)|®,), are shown in Fig. 10a,b. Notice that
there is no contribution from the vacuum diagrams containing the TV vertex: In
these diagrams, T vertex would have to carry only valence labels. Thus, after
evaluating the orbital and spin factors corresponding to diagrams 10a and 10b,
we can write:

(8, |DGETP(TP — TP)DGIL(S) |, > = (B, | VGETPTP OGI(S)|D,>
= NG NS) P1ie(S) Pt} + FKe(S) Pt Je(S) Prgl. oD
Consequently, the result for
BR(G3) = gif (@, | VG TO(TP — T{")G . (0)| @, )
=gkt (@, | VG TPTP G (0) |, ) (92)
is
(”(G“) = —38 i [P155.(0) @1, + P14(0) D3], (93)

which means that B{}(G%) # 0 only when o is core and ¢ is a virtual orbital
label. This is again 1mmed1ately obvious from Fig. 10a,b, since T@ vertices
cannot have valence lines extending to the left (cf. Fig. 3).

For the two-body component B{Y[G%(i)] we can draw as many as four
distinct nonoriented Hugenholtz skeletons: two for the term involving TQ T{?
product, and another two for the term involving T® T product. They are
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Fig. 10. Nonoriented Hugenholtz skeleton corresponding to

BY(G?)
(@ |VGETTP — TP VGE(S) | @,

o > k
2 2
1 I
S RS« G
J ={(®|G;TPTP VGLk(S)| @, ). They
| K represent two terms on the right-hand side
L‘—@—“— —’_@—»— of Eq. (91)

a b

Fig. 10a,b. Brandow diagrams
corresponding to

At

R

shown in Fig. 11. The corresponding Brandow diagrams, associated with the
matrix element {&,|PGXEGTA(TY — TP)DGI(S)|®,), are given in Fig.
11a—h. Minus signs associated with the two triples of diagrams 11d and 11h
indicate that the corresponding algebraic expressions have to be subtracted.
Notice the presence of diagrams' 11d,, d;, h, and h;, in which the vertices T%
and TV are connected. Obviously, contractions between TP and T may
only involve valence indices that distinguish @, and &,. Formally, valence
indices k’ and I’ are summation labels (k' occupied in |®,)> and unoccupied
in |®,), I’ occupied in |®,) and unoccupied in |®;), which, in the final
expressions, assume a single value, namely k" =k and /'’ =/ Evaluation of the
orbital and spin factors associated with diagrams 1la—h leads to the following

Fig. 11. Nonoriented Hugenholtz
skeletons corresponding to
BRIGHE@)). (x,y,...) indicates
which Brandow diagrams of Fig.
1la-h are associated with a
given skeleton. We must
remember that expressions
corresponding to diagrams
obtained from skeletons (d,, h,)
and (d,, d;, h,, h;) will have to
be taken with the minus sign

! For simplicity, the ith diagram in Fig. Nx is designated as diagram Nx;. Thus, for example, the
rightmost diagram in Fig. 11d is referred to as diagram 11d;.
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Fig. 11a-h. Brandow diagrams corresponding to {(@,|"VG2@)TA(TP — TP)VGI(S)|®,). They
are associated with successive terms on the right-hand side of Eq. (94)

2 ok o > i
S

!

- S ! o
S5, (1-690-6) &L 5,57 (1-890-5)) :\;@w

R

i B k
(d) ()

Fig. 11’d,h. Brandow diagrams which can be used instead of Figs. 11d and 11h when k =k =%’,
I=T=1Iand S =0. They correspond to expressions (99) (diagram d) and (101) (diagram h), or to
the fourth and eighth terms in Eq. (103)

Q
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expression:
(| VGEHTTP — TP) DGL(S)| D1

=2-IN%NE (W(S) {9;,,(1') [5,-S[SJ RALATHC))
1
e 40) (%E(S) @ S (=), S,, SECG, S;, S) PeEL(S;)
S;=0
+i[PE ‘Z)tz(z’tﬁé(S)ﬂ 8T + P (i) [%a(i) (%[i]% 2 @4 ()

1
+ FS)E VLK Y (—1)* i, S, SPCG, S, S) ‘z’tﬁfg(S,-)) 85
S, =

i

— 08,5[S] -3 Wy (z)tg,l;(S)5£5£:| } — %&(S) {yaﬁ(i) [5iS[S] 3 @13 @t0(S)
1
- ‘%a‘(i) <y”-(S) (2)té Z (_ 1)i+S[i’ Si’ S]%C(la Sia S) (Z)tz'i(si)
Si=0
+ 3 (Z)tz(”tffk(S)ﬂ 88+ %,(0) |:5’°‘ﬁ(i) <%[i]% 2 @41, (S)

1
+SH8)5, O Y, (=15, 8, SFCG, S, S)‘Z)tﬁi(S,-)> of

S;=0

— 858172 ek (Z)IZk'(S)ézag:I}) : (54

Again, to obtain the final expression for B{Y[G%(i)], we have to set in the above
expression k =k =k’, [ =I=1 and S =0, and multiply the result by gi*. This
leads to drastic simplification of the terms associated with the diagrams of Fig.
11d and h. Since

Def (1) = P15(1) =0, (95)

the summations over §; in the expressions corresponding to diagrams 11d, and
h, reduce to a single term with S; = 0. If we next realize that

C@,0,0) =3(—1)*1, (96)
S (()05,6% = 26,004,0¢, N

and
Mgl oy =Mifslog =0, (98)

we can rewrite the contribution associated with the three diagrams of Fig. 11d
(fourth, fifth and sixth terms in Eq. (94)) as follows:

2PN S (i) Prf(0){ Son ()Pt — VrES2)S, — 28, Pe7815L }
= 2 3PN LS (1), (1) Dt Pt (0)(1 — 8% — 61)0
= 2PN () L (1) V12 PrE(0)(1 — S2)(1 — 81)5%. (99)
Similarly, using Eqs. (96) and (98), and the relation

S H(1)0%0F = 26,0301, (100)
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we can replace the contribution corresponding to three diagrams of Fig. 11h
(tenth, eleventh and twelfth terms in Eq. (94)) by the expression

— 2 ENB S () S, (1) V1 Pt (0)(1 — 871 — 51)85. (101)

We thus see that when k =k =%’, I=7=1" and S =0, the second and third
diagrams in Fig. 11d [11h] eliminate from diagram 11d, [11h,] contributions
with o = k and/or ¢ = /. This becomes clear when we realize that diagrams 11d,,
d;, h, and h;, which are formally connected, can also be interpreted as
disconnected terms when &’ and !’ assume only a single value: Diagram 11d,
then cancels the o = k contribution to diagram 11d,, while diagram 11d, cancels
the contribution with ¢ =/ Similar cancellation takes place when we consider
diagrams of Fig. 11h. This means that for k =k =k’, [=[=1 and § =0, the
three diagrams of Fig. 11d and the three diagrams of Fig. 11h may be replaced
by single diagrams shown in Figs. 11’d and 11'h, respectively. We thus see that
the contribution from the connected diagrams 11d,, d;, h, and h; can be
incorporated into disconnected diagrams 11d; and 11h, by simply adding to the
latter ones the numerical factor (1—065)(1—45,) (cf. Fig. 11’d,h). This is
precisely the factor which appears in expressions (99) and (101).
From Egs. (94), (99) and (101), and relation (68), it follows that

BRIGE D] =gl <O | VGLOTP(TY — TG (0) |2, (102)

can be written as

BRIGH)] =2 gl Nt (%a(i) {&n‘”té(”t;:i(O)
— i) [@zz i (— DT S, UG, 5) P1fi(S)
+ @5 = ) P01~ 011 - |2,
— yaﬂ(i) {5i0(2)ti(2)tga(0)

— (D) [(Z’té ]Z (— DT, S PUG, $,) Pt (S,)

+ @1 — D12 Or (0)(1 — 67)(1 — 52):]} 51‘5) . (103)
Here, we have also made use of the fact that
@z = @p2(1 —55)(1 — 62). (104)

It is clear from Eq. (103) that B{Y[G25()] is nonzero only if VG 2(i) is equal (up
to a permutation of upper or lower indices) to G4 (i) or G7.(3). In the first case,
B{[G¥#(i)] is given by the first four terms in Eq (103) (the terms appearing
between the first pair of curly brackets), while in the second case only the last
four terms (appearing between the second pair of curly brackets) give nonvanish-
ing contribution. As explained in [3], disconnected diagrams in Fig. 11a—h and
11'd,h do not generate any disconnected perturbation theory diagrams, since
they lead to appearance of the differences @2 — ¢2 in the final expression for
B$Y[G%(i)]. These differences are clearly present in our Eq. (103).
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Let us, finally, consider the last of the bilinear coupling terms B{J(G). We
can easily verify that no permissible vacuum diagrams can be drawn for the
one-body component §(1'2)(GZ) (the only vacuum diagrams that could be con-
structed would contain the vertex T¢? with all lines extending to the right), so
that

(D|VGTP, TPPI VG L(S)|®,> =0 (105)
and
BY(G* =o. (106)

For the two-body part B{Y[G®(i)], however, we can draw the nonoriented
Hugenholtz skeleton shown in Fig. 12. Notice that this is exactly the skeleton
(d,, d;, hy, hy) of Fig. 11. This skeleton is, however, now taken with the plus
sign. We can thus expect some cancellations (see the next section for details).
Skeleton of Fig. 12 involves a contraction between 79 and T{. Clearly, such
contraction involves only valence orbitals that distinguish references |®,) and
|®,>. In principle, we could also draw skeletons of the type (d,, h;) shown in
Fig. 11. The corresponding diagrams, however, mutually cancel. The fact that
only connected diagrams contribute to B{Y[G%(i)] is associated with the pres-
ence of the commutator in Eq. (39).

Fig. 12. Nonoriented Hugenholtz skeleton corresponding
to BRG]
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Brandow diagrams corresponding to B{P[G%(i)] or to the matrix element
(D, | PGEDITY, TV DGI(S) | D1

are given in Fig. 12a—d. Clearly, they are identical (except for the minus sign)
with the connected dlagrams of Fig. 11d and h. The algebraic expression for
(@, |DGHEGDTY, TPIDGI(S)|®,) can be thus written as follows:

<¢,|(1’G BT, T OGY, (S)[tD) 2- 2N;§ng
x (a,.s[S] P HS)B40T1P () Ot Pt (S)]
— FS)BL6A, (D DV1E D1l (S)]}
Y 105, SECG, S, S)FUS)FelS)F 4D )

x {015 @t (S;) — Vg <2>t;’,i(S,-)}5%5£> . (107)
This means that the final expression for

BRIGE ] =gl A | VGEDOITS, T1G 1 (0) [, (108)

is
E(llz)[G“ﬁ(z)] =2 2g kN (5,0[5’(_,55,5”'3 Wy @l (0) — 6365, (”t"(z)t” (0]

+ 4= DTS ) S, DOtk @t (0) — Ot @y ’g’k(O)]éﬁé’a)
(109)

To obtain the above result, we took advantage of the fact that k" =k and I’ =1
and made use of Eqs. (95) and (96). Clearly, the first term in Eq. (109)
contributes only when «, § are core orbitals and ¢ = ¢ = /. The second term in
Eq. (109) is nonzero only when o« = =k and g, ¢ are virtual orbitals. Finally,
the third and fourth terms in Eq. (109) give nonvanishing contributions only
when the excitation operator (VG(i) is of the type G ().

4. Discussion and comparison with an algebraic approach

Before comparing our results with those obtained using algebraic technique [2, 3],
let us discuss the possibility to completely eliminate the connected diagrams of
Fig. 12a—d. As mentioned in the previous section, this can be achieved by the
mutual cancellation of diagrams 11d, and 12¢, 11d; and 12a, 11h, and 12d, and
11h; and 12b. One can easily verify that the remaining diagrams of Fig. 11a-h
(i.e. diagrams 1la—c, 11d,, 1le—g and 11h,), which are collected in F1g 13a—h,
correspond to the matrix element {&,|VGEGNTP — TP)TP OGILS)|®,).
This is also obvious since

TR - TP) + (19, TP) = (TP — T TY. (110)
Similarly, diagrams 10a and b can be used to represent matrix element
<¢1|(1)G2(T(12) T(l))T(Z) (l)G (S)]Q S,
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Q
=3 Q
()
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Fig. 13a—h. Brandow diagrams corresponding to {(&,|"VGEG)T® — T{TP DGI(S)|®,>. They
are associated with successive terms on the right-hand side of Eq. (113). Minus signs in front of
diagrams d and h indicate that the corresponding algebraic expressions have to be subtracted

since [cf. Eq. (91)]
(8| DGUTP — TP)TY VGI(S)|@,> = (P | VG TPTY OGI(S)| @, ). (111)
We can thus write:
(P,|VGUTY — TO)TP OGIS) | D))
= NP HS) Pty P13(S) + He(S) Pri Pt Le(S)), (112)
(D\|DGEGTP — TM)TP OGI(S) |2,

= 2N NE (y”(S)yga(i) {éis[S] AL )
— (i) |:5”kg(S) @y Ség (=D, S, S]%C(i, Si S)DPeE(S,)
+3HR@rg — V1) <2>t££(8)]} 8 — Sel )T *4(0) {6,-S[S] ol (s)
— Fe(D) l:y’T(S) @yl Szl_:O (=D, S, S]%C(i, S;, 8) @t (S,)

+ (@ — Or%) ‘2’t§’k(S)]} 5;’5—) . (113)
It follows from Egs. (112) and (113) that [cf. Eq. (41)]
BR(G?) = gh (| VGUTR — TP)TPGL(0)| )
= —32i [Pt P15(0) + Pz P 5.(0)], (114)
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and

z

BRIGE)] = g <@, | DGEGNTY — TOTP GL(0)| @, ) = 2~ 3gh N2
X (9 eo(®) {5io(2’t§(2’t}’£(0) — L) [(Z)t% Y (=D SPEUG S,) @18(S,)
5,=0

+ Ptz — D15) Oefi(0) } 8q — (i) {5i0(2)tz(2)tga(0)

1
- ’Spga(i) |:(2)tlg Z (— l)l[l’ S,]%U(l, St) (Z)tooc'gc(Si)
§;=0

+ 3 @15 — Or2) @1, (0) } 5£> - (115)
To obtain Eq. (115), we used the relation (68).

We thus see that from the diagrammatic viewpoint, it is much more conve-
nient to consider the term B{®(G!), Eqgs. (41) and (42), than to examine
separately BY(G1), Eq. (38), and B®(G}), Eq. (39), terms. When B®(G}) is
used, we do not have to consider the connected diagrams of Fig. 12a—d at all.
Consequently, the final expressmns for B<112’> are far more compact than the
formulas for B{® and B{®. There is, however, some advantage to split B(P) into
B and B{. For example it is easier to apply the E-operator technique in this
case [3] To some extent, this is due to the fact that the connected terms from

B{Y[G%(i)] can be easily incorporated into the terms that are associated with the
dlsconnected diagrams 11d, and_h, (cf. Fig. 11’d,h). There is also a practical
reason for sphttlng the term B(P) As mentroned in the preced1n~g section,

BY[G(i)] is nonzero when “)G""(z) equals G7 »(i) or G (i), while BR[Gx)]
grves nonvamshmg contribution only if “)GQ"(Z) is equal to G%4(0), G&, (0) or

Gri.(i). This means that B{®[G(i)] and B(”)[G 40 contribute to the couphng
term for different types of excrtatlons It is, therefore useful from the computa-
tional viewpoint to consider B{®(G}) and B(P)(GT) separately.

. Comparing Eq. (114) with Eq. (93) and Eq. (115) with Eq. (103), we see that

BY(G2) = B{?(G;), and that there is only a very small difference between the
expressions for BP[Ge£(i)] and B{Y[G(i)], namely, the absence of the factor
(1 —4&3)(1 — 8%) in the expression (115) for By [G(3)]. In the precedlng section,
we have shown that the factor (1 —63)(1 — 47, appears in B{Y[GZ£(i)] as a result
of considering the connected diagrams 11d2, d3, h, and h;,. These diagrams are
then reintroduced wrth the opposite sign in the term B(’)_[G“ﬂ(z)] so that the
factor (1 —4%)(1—4%) finally disappears and we obtain B{R[G*(i)]. This can
also be seen by examining the terms (i), (z)((z)t"‘ (l)t“)@)tﬂ’ (0)6¢ and
L)L () P13 — D2y @2 (0)6£, which appear in expression (115). Using the
relation [cf Eqs (98) ‘and (104)]

(Prz — Dr2)656, =0, (116)
we can write
S ) S (NPt — Vt3) Pt (0)0] = &40, (N P15 — D12) P2 (0)
X [(1—=85)(1—08L) + 67 +8516L.  (117)
Since [cf. Eq. (104)]
@k = O =0, (118)
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we further obtain
LS, (N Pty — Or3) Pt (0)6)
=P ()(Pt; — D13) P (0)(1 — 05)(1 — 840!,
— S (1) S (1)) Pty Pt (0)03:0] — F (1), (1) Dt P (0)6,6%. (119)

Finally, application of Eq. (97) and the obvious property of the
(anti)symmetrizers %, (i), namely

G (D)) = (—1)'%, (), (120)
leads to the result

P (D)0 (DDt — 1) 1L (0)3)
= L) S (N Pty — Pe3) Pt (001 — 57)(1 — 8,)3,,
— (= 1)'F ()%, (1) Pty Pt(0)040; — 200005 Ve Pt (0).  (121)
Similarly, we can prove that
GO ACC R HETA (O
= S H) S ()Pt — Dt3) PL(0)(1 — 6)(1 — 6,)0f
— (= 1) & (1) %, (1) Vt; Pt (00650, — 28,0365 54, Vts P15.(0). (122)

Inserting now Eqs. (121) and (122) into Eq. (115), and using the result of Eq.
(103), we obtain

BRIGHM] = BRIGEG)] + 2 25k N2
X (8,5048..5 % Oz Ol (0) — 5,0368.5, Dtk DL, (0)
+ A= DERL(0) %, () Dtk @1, (0)6£6

— U= DTRL )%, () V15 @1, (0)6455), (123)
so that indeed [see Eq. (109)]
BRIGE )] = BRIGE)] + BRIGEG). (124)

Let us now compare the formulas for R, B and B terms derived in Sect. 3 with
the expressions obtained in [2, 3]. Let us first examine linear contributions [2].

As implied by the results of Sect. 3, the only linear terms that have to be
considered are R{V[GF(0), R{[GF(0)], R(GP), RV(GY), RGP (0],
RIM[G(0)] and RP[G%(i)). The remaining terms R{(GX) and RP[GH(D)]
(n =1, 2) vanish. From Egs. (62"), (65) and (70) we get:

RO[GHF(0)] = —ght @1, (125)
R{GH(0)] = g+ @1, (126)
R$NGY) = —273glFPrgh(0), (127)
R{NGE) =2 2glF @11 (0), (128)
RPIGH(0)] = gl NP @eg2(0), (129)
RPIGH(0)] = gl NE@1(0), (130)

i
ROGEG)] = g N Y [i, S,BUG, S,) Ptei(S)). (131)
S,»=0
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Thus, employing the relations between the unnormalized and normalized cluster
amplitudes [cf. Egs. (15)—(19)]

Pgz = (o |tP]ad, (132)

Pegh(i) = (NE) oo |15 |af Y, (133)

and the explicit values of the 6-j coefficient U(X,, X,) (see Table 1), we obtain:
RO[GE(0)] = — gk Ck|eP|a), (134)
ROIGHE(0)] =gl <r[¢P|DD, (133)

RYNGE) = —ght Kkk | 1P al),, (136)
RENGF) = gkt Crk | tP| 1), (137)

RP[GE(0)] = gkt Ckk |t |abd,, (138)
RPIGH(0)] = gl <rs| 52| 1o, (139)
RP[GH(0)] = —3g5 ((rk |18 |aly, — 32<rk|t(2)|al> ), (140)
RPGH()] = 2g,k(32(rk|t(2)|al>0 + <k |12 |aly,). (141)

Identical expressions are given in Table 3 of [2]. Clearly, the diagrammatic
spin-adaptation approach based on graphical methods of angular momentum
theory [11, 13b] yields the same results as the E-operator algebraic technique [4].
Our results express, however, the numerical factors entering Eqs. (140) and (141)
in terms of the 6-j symbol U(X,, X,), Eq. (69).

Let us now turn to bilinear terms. Before comparing our results with those
of [3], we point out a different definition of the unnormalized pair-cluster
amplitudes and the normalization factors used here (‘?¢25(i) and N2, respec-
tively) and in [3] (¥*'¢%(p) and ¥+ ' N2, respectively), namely (see also [16])

2tiyee - "[l]__Naﬂs (142)
20+ 1438 (p) =[]~ 3 DB (i), (143)

The one-particle cluster amplitudes ¢3 are the same as in [3].

In [3], the general expression is given only for the component B{Y[G(i)],
while in the remaining cases, only those terms that do not vanish in the special
2-reference case are considered. For example, the connected diagrams corre-
sponding to B{Y[G%(i)] (diagrams 11d,, d;, h, and h;) are not given in [3] and
their role in cancelhng some disconnected terms (diagrams 11d, and h; with
oc =k or ¢ =) is not commented on, as they do not show up when G 22(i) equals

G, (i) or G75.(i) (cf. Sect. 3). For the same reason, the possibility to incorporate
the term ES?(G,T) in the term B{®(G}) by cancelling the connected diagrams of
Fig. 12a—d by the connected diagrams of Fig. 11a—h (the possibility discussed
above) is also not considered in [3].

Equivalence of our formula for B{?[G#(i)], Eq. (75), and of the expression
given in [3] is immediately obvious when, in addition to Eq. (142), we apply
relations (97), (100), their analogues

oo) D1, 1, = 26,1, 1, (144)
&M@y D1 Ot = 26,17 1, (145)
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and a simple consequence of the group-theoretical property (120), namely the
relation

S )s (D) 0B eo) = (), (D). (146)

We use Egs. {97), (100), (144) and (145) to remove the superfluous symmetrizers
&* and %, from the expression given in [3]. This means that our formula for
B{Y[G® (1)] is slightly simpler than that given in [3]. This simplification results
thanks to the diagrammatic approach, in which the “symmetry forcing™ opera-
tors & “ﬁ(i) and (i) will appear only when nonequivalent external lines are
present in the resulting orbital diagrams [16]. Of course, the resulting formulas
for BY[G (0)], BY[G(0)] and B{Y[G7(i)], obtained from the general expres-
sion (75), are identical with those glven in [3].
According to the results derived in Sect. 3, the remaining types of bilinear
terms that have to be considered are B(z‘z)[G b)), BR(G?), BHIG2®)),
BRIGH()], B(‘)[G””(O)] B(l)[G"k(O)] and B“’[G"k(z)] For the components
B(‘)(G“) BYIGY (0)], ﬁ”[G (0)] and BY[G (1)), the equivalence of the results
given in [3] and in Sect. 3 is immediately obv10us The only relations that are
needed in this case are Egs. (142) and (143), although in the case of B(”[G 0]
and B{Y[G*(0)] we must also use Eq. (120), and in the case of B{Y[G%(i)] we
must also realize that for the dichotomic variable X, X=0or1, we have

—[X]=(-D* (147)

Only for the components BY[G2 ()], BL[G# ()] and B{Y[G(i)], which are
related to the 6-j symbols U(Xl, Xz) Eq. (69) and V(X,, Xz, X3), Eq. (88) [see
Eqgs. (89) and (103)], more complicated relations are needed. This is due to the
fact that the 6-j symbols that appear in our expressions arise naturally from the
coupling scheme employed, while in the algebraic approach (see Egs. (29), (33)
and (34) of [3]) coupling is implicitly built into the definition of replacement
operators and the numerical factors arise through an application of the algebraic
version of Wick’s theorem. In order to interrelate the resulting factors, we shall
rely on the following relations:

[Xi] = [X] +1=2(-)'* N[X UK, X), (148)
— [X5] = [X] + [X;, X5] + (2 - [Xi (2 = [Xa])(2 ~ [X3])
=40X,, X;]V (X1, X, X5)%, (149)

valid for X, (i =1, 2, 3) that equal 0 or 1. Note that Eq. (148) is a special case
of another useful identity [16]:

~[X] = [X3] + (2 = [ D2 - [X2D(2 = [X5]) = —4[X;, X5]C(X, X, X5).
» (150)

To see this, we set X; =0 in Eq. (150), use Eq. (68) and employ the identity
1~[X]+ Q2 - [X\D2 — [X%]) = (—D*(1 +[X] = [X:]), (151)

which follows from Eq. (147). Another interesting relation between the 6-j
coefficient V(X,, X,, X;), Eq. (88), and the 9-j symbol C(X,, X,, X3), Eq. (67),
can be found by comparing Eqs. (149) and (150). In this way we obtain

CX1, X5, X3) + V(X, X5, X3)2 =1, (152)
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This relation is easy to understand when we realize that the 12-j symbol
R(X,, X,, X5, X)), Eq. (86), satisfies relations [16]

Y. [XIR(X,, X5, X3, X) =13, (153)
Z(_I)X[X]R(XI,XZ:X_’HX): _C(XI,X2=X3): (154)

so that {see Eq. (87)]
V(Xls XZ: X3)2 = 2R(X19 XZ’ X39 0) =Z {1 +(_ I)X}[X]R(Xls X25 X3s X)
X

=%—C(X1,X2,X3). (155)

In order to see that our expression for BSY[G2(i)] [Eq. (89)] is identical with
Eq. (29) of [3], we apply Eqs. (142) and (143), and then employ the relation
(149). To see that the formulas for B{Y[G%(i)] and B{R[G%(i)], Egs. (34) and
(33) of [3], agree with our general expression for B{J[G(i)] [Eq. (103)], we
must use Eqs. (142) and (143), identity (148), as well as the relation

3 —[X] =26, (156)
and equation [16]
F (@) Pt(0) = S, () Pteh(@) =2 P10, (157)

which reflects the symmetry properties of the spin-adapted amplitudes P¢25(i) or
oo |t8”|aB>, [11], [notice the similarity of Eq. (157) and relations (144) and
(145)]. As in the case of B{[GZ(i)], Eq. (157) enables us to remove the
superfluous symmetrizers % and %, from the expressions for B{Y[G%(i)] and
BR[G7(i)] given in [3].

We thus see that the diagrammatic spin-adaptation approach based on the
graphical methods of angular momentum theory [11, 13b] and the purely alge-
braic E-operator technique [4] yield equivalent results for both linear, and
nonlinear coupling terms appearing in the two-reference coupled cluster theory
[2, 3] (there is a misprint in the formula for B{Y[G% (/)] given in [3]: '£8°(2) in the
second term of Eq. (34) of [3] should read 'z¢2(2)). Although this result was to
be expected, direct comparison of the diagrammatic and algebraic methods
shows that the formulas obtained with the former technique are slightly simpler.
We never have to deal with the superfluous (anti)symmetrizers & *#(i) or %, (i),
which may result when the algebraic method is used, and we do not have to
consider separately the term B{®(G?), since it can be easily combined with
B{2(G}). First of all, however, the algebraic approach does not provide us with
the important information about the types of the spin recoupling coefficients,
which appear in the spin-adapted expressions, whereas the diagrammatic spin-
adaptation approach gives us this information instantaneously. Moreover, the
complexity of the calculations does not increase if we apply the diagrammatic
technique to higher-order nonlinear terms. Because of the necessity of the
evaluation of complicated commutator expressions, calculation of these higher-
order terms using the algebraic approach becomes more difficult. Diagrammatic
approach should also prove convenient when casting the nonlinear expressions
into a recursive form (cf. [18]) that enable an efficient vectorization of the
computer code.
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Although the diagrammatic method seems to be slightly more convenient
than the algebraic technique, it also has some disadvantages, for example, the
possibility of overlooking certain diagrams. Moreover, very special care must be
exercised to obtain the correct normalization and phase factors. It is, therefore,
very important that we can use two entirely different techniques to evaluate the
expressions appearing in the orthogonally spin-adapted MR-CC theory. As we
have seen in this section, the relationship between the diagrammatic and alge-
braic spin-adaptation approaches is quite straightforward.

As a final remark, we note that the diagrammatic derivation given in this
paper can be easily extended to the case of more than 2-dimensional model
spaces, assuming that only closed shell type references are present. In fact, our
formulas involve general internal model space excitations VGZ(S). However, a
generalization to an arbitrary model space is far from being straightforward.

Appendix: Spin diagrams and orbital and spin factors associated
with coupling terms R, B and B

For the sake of completeness and to facilitate an understanding of the results of
Sect. 3, we provide in this appendix a complete list of the orbital and spin factors
that are associated with Brandow diagrams of Figs. 5a,b, 6a,b, 7a—c, 8a—c,
9a—d, 10a,b, 11a—h and 12a—d and their spin counterparts. The corresponding
spin diagrams are presented as well.

One-body components R{(G2) and B{3(G%), that require an evaluation
of the matrix elements (63) and (91), are represented by the diagrams of Figs.
6a,b and 10a,b. Algebraic expressions associated with these diagrams take the
form:

D(G%; Nx) = NP (S) " %e(S)2" { A(NX)B(Nx) }. (Al)

Here D(G3; Nx) is the expression associated with the Brandow diagram of Fig.
Nx, A(Nx) designates the pertinent orbital factor (including the orbital sign
factor (—1)*" and the topological weight which always equals 1), and B(Nx) is
the spin factor obtained by evaluating the corresponding spin diagram. Accord-
ing to procedure of [16, 17], to evaluate A(Nx) and B(Nx) we use the diagram
Nx stripped of the symmetrizers &7 and %, and only reintroduce the corre-
sponding (anti)symmetrizers & (S) and #(S) later, i.e. in the final expression.
The presence or absence of #(S) and %(S) in Eq. (A1) is determined by the
parameters k1'* and k2'* that are either 0 or 1. Recall that the (anti)symmetrizer
FHS) [%e(S)] appears only when the external lines / and 7 (k and k) are
nonequivalent, so that two different labelings of external lines / and 7 (k and k)
must be considered.

Orbital and spin factors, 4(Nx) and B(Nx), respectively, as well as parame-
ters k> and k2™ that determine all one-body contributions D(G?; Nx), Eq. (Al),
are listed in Table 2. As we can see from this table, all spin factors associated
with D(G%; Nx) result from a single spin diagram, which is schematically shown
in Fig. 14. Since this diagram separates over the lines S; and S, it factorizes into
a product of two “oyster”-type diagrams (cf., Appendix in [13b]) representing
triangular delta functions {S;, 3,3} and {S, 3, 2} [12]. Consequently, the resulting
spin coupling coefficient restricts the summation over the intermediate spin
quantum number S, in every D(G; Nx) to only one term S; = S. This summa-
tion is already carried out in Brandow diagrams of Figs. 6a,b and 10a,b.
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Table 2. Orbital and spin factors, A(Nx) and B(Nx), respectively, spin diagrams and parameters k¥*,
i=1,2, determining the one-body contribution D(G%; Nx), Eq. (Al), that is associated with
Brandow diagram of Fig. Nx

Nx k™~ k= A(Nx) Spin diagram  B(Nx)
1
6a 1 0 — 8 @S, 14 27 %,
6b 0 1 32 @(S,) 14 2728,
10a 1 0 — D (S;) Pt 14 16
10b 0 1 — @IS, P12 14 18s.s

Fig. 14. Spin diagram associated with one-body contributions D(G}; Nx),
Eq. (Al). For simplicity, line and vertex orientations are suppressed.
The unlabeled lines carry the angular momentum 2

For two-body components we require diagrams in Figs. 5a,b, 7a—c, 8a—c,
9a—d, 11a—h and 12a—d. Algebraic expressions associated with these diagrams
have the form:

DIGE(i); Nx] = NENL (SYV Se(S)2" 9 H(i)S" %, (1) 4" {A(NX)B(Nx)},
(A2)
where Nx, k", A(Nx) and B(Nx) have the same meaning as in Eq. (A1) and are

listed in Table 3. All nonequivalent spin diagrams that can be associated with
Brandow diagrams of Figs. 5a,b, 7a—c, 8a—c, 9a—d, 1la—h and 12a—d are

Fig. 15a—g. Spin diagrams
associated with two-body
contributions D[G%£(;); Nx], Eq.
(A2). As in Fig. 14, line and
vertex orientations are suppressed
and the unlabeled lines carry the
e t 9 angular momentum 1
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Table 3. Orbital and spin factors A(Nx) and B(Nx), respectively, spin diagrams and labels k%>, i =1—4,
determining the two-body contribution D{G*(); Nx], Eq. (A2), that is associated with Brandow diagram
of Fig. Nx

Nx kY kY kY kN A(Nx) Spin B(Nx)
diagram
sa 1 1 1 0 815 58D ¢z 152 27356
sb 1 1 0 1 525457 @l 152 2735,
72 1 0 0 0 5L6T (S, 15b 8,505,515~
0 1 0 0 828EDI(S) 15b 8,505,551~ 2
1 1 1 1 —oT8EDp (S)) 15d (=1)S+1[;, S, SECG, S;, 5)
8a 1 1 0o 0 5167 Opx g 152 15,
sb 1 1 0 0 A AT 15a 15,5
8¢ 1 1 1 1 1 A 15a 385
92 1 0 1 0 — @ (SH@fL(S?)  15e 38:53 0552
9% 0 10 1 — (ST DT(S2)  15e 1651055
9% 0 0 0 0 @pB(S1) DT (52)  15f 81585540552181 "
9d 1 1 1 0 @ (S1) DL (S2)  15g (—1)S + 57, S}, 82, SP
x R(, 1, 52, S)
a1 0o o 1 8T D (s, 15b 2738 ,58,5[5] 2
1mp 1 1 1 1 o7 @rx @l (S,) 15d 273 )i+ Si1+ s+1
x [i, S,, SECG, S;, S)
e 1 0 1 1 — 8T @O fL(S,) 15¢ 235 [
11d, 1 0 1 1 — 8L g2 @l (S, 15¢ 235 ol
1d, 1 111 5261 gk Ol (s) 15 27—yl S
x [i, S, SECG, S, S)
1d, 1 0 1 0 SL6T Mz @efr(S)  15b 2-35,454,5[8] 2
lle 0 1 1 0 — 68Dz DI (S, 15b 2735,584,5[5] 2
uf 1 1 1 1 — LD @ (S, 15d 2*%(—1)1‘+Sfl+s+1
x [i, S, SECG, S,, S)
g 0 1 1 1 5@zl (S,) 15¢ 235 §il
1th, 0 1 1 1 SEW O (5 15¢ 235 J[i]F
11h, 1 1 1 1 —5E8L W DAT(S)  15d 2—%(—1)i+5il+5+1
x [i, 5,, SEC(, S;, S)
11h, © 1 0 1 —538E Wk Ol (S)  15b 235,585,515
122 1 0 1 0 5161 Wz @efE(S)  15b 235,58, 5[S] 2
126 0 1 0 1 — 6258 4T (S)  15b 2-%5,45,5[5]
12 1 1 1 1 RST Mk Dpt (5 15d 2-¥—1)S+1, 8, SECG, S, S)
12d 1 1 1 1 ST Wi @t (Sy  15d 2% —1)S +1i, 8, SECG, S, S)

schematically shown in Fig. 15a—g. The correspondence between the individual
orbital diagrams and their spin counterparts can be easily established by compar-
ing the first and the seventh columns of Table 3. Again, to obtain the final
expression for a given diagrammatic contribution D[G2£(i); Nx], we must carry
out the summation over the intermediate spin quantum numbers S; or S} and S7,
which label the orthogonally spin-adapted pair-cluster amplitudes.
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As follows from Fig. 15a—g, all spin diagrams corresponding to contributions
D[G(i); Nx], except 15d and g, factorize into products of “oyster’-type dia-
grams. This is true for both the 6-j coefficient of Fig. 15a and the 9-j coefficients

of Figs. 15b and c, as well as for the 12-j coefficients of Figs. 15e and f. Thus,
in every expression D[G%(i); Nx] corresponding to Figs. 15a—c, e and f the
summation over the intermediate spin quantum numbers characterizing pair-clus-
ter amplitudes reduces to a single term. Only diagrams 15d and g, which are not
separable over k < 3 lines, represent genuine 3n-j coefficients [12]. Diagram 15d
represents a 9-j symbol C(, S;, S), Eq. (67), while the diagram 15¢ a 12-j symbol
of the second kind R(i, S}, S?,S), Eq. (86). In expressions D[G(i); Nx],
corresponding to these diagrams, the summations over S, or S} and $? remain.

Acknowledgments. Continued research support by NSERC (J.P.) is greatly appreciated. One of us
(P.P.) would like to express his sincere gratitude to his co-author, Professor J. Paldus, for his
hospitality, thoughtfuiness, and numerous helpful discussions during his stay as a Postdoctoral
Fellow in the Department of Applied Mathematics of the University of Waterloo.

References

1. Jeziorski B, Monkhorst HJ (1981) Phys Rev A24:1668
2. Jeziorski B, Paldus J (1988) J Chem Phys 88:5673
3. Paldus J, Pylypow L, Jeziorski B (1989) In: Kaldor U (ed) Many-body methods in quantum
chemistry. (Lect Notes Chem 52) Springer, Berlin Heidelberg New York, p 151
4. Paldus J, Jeziorski B (1988) Theor Chim Acta 73:81
5. Meissner L (1987) Size extensive methods for the description of electron correlation effects in
quasidegenerate states. PhD Thesis, Nicholas Copernicus University, Torun, Poland (in Polish)
6. Meissner L, Jankowski K, Wasilewski J (1988) Int J Quantum Chem 34:535; Meissner L,
Jankowski K (1989) ibid 36:705
7. Balkova A, Kucharski SA, Meissner L, Bartlett RJ (1991) Theor Chim Acta 80:335
. Paldus J, Piecuch P, Pylypow L, Jeziorski B, unpublished results
9. Meissner L, Kucharski SA, Bartlett RJ (1989) J Chem Phys 91:6187; Meissner L, Bartlett RJ
(1990) J Chem Phys 92:561
10. Paldus J (1983) In: Léwdin PO, Pullman B (eds) New horizons of quantum chemistry. Reidel,
Dordrecht, p 31
11. Paldus J (1977) J Chem Phys 67:303; Adams BG, Paldus J (1979) Phys Rev A20:1
12. Jucys AP, Levinson IB, Vanagas VV (1960) Mathematical apparatus of the theory of angular
momentum. Institute of Physics and Mathematics of the Academy of Sciences of the Lithuanian
S.S.R, Mintis, Vilnius (in Russian); English translations: (1962) Israel Program for Scientific
Translations, Jerusalem; (1964) Gordon and Breach, New York; Jucys AP, Bandzaitis AA (1977)
The theory of angular momentum in quantum mechanics, 2nd edn. Mokslas, Vilnius (in
Russian); Brink DM, Satchler GR (1968) Angular momentum, 2nd edn. Clarendon Press,
Oxford; El Baz E, Castel B (1972) Graphical methods of spin algebras in atomic, nuclear and
particle physics. Marcel Dekker, New York; for a brief review of these methods, see, e.g.,
Lindgren I, Morrison J (1982) Atomic many-body theory. Springer, Berlin Heidelberg New
York; see also Appendix of Piecuch P (1988) In: Maruani J (ed) Molecules in physics, chemistry
and biology, vol 2, Physical aspects of molecular systems. Kluwer, Dordrecht, p 417
13. (a) Cizek T (1966) Theor Chim Acta 6:292; (b) Paldus J, Adams BG, Cizek J (1977) Int J
Quantum Chem 11:813
14. Paldus J, Cizek J (1975) Advan Quantum Chem 9:105
15. Harris FE, Jeziorski B, Monkhorst HJ (1981) Phys Rev A23:1632
16. Piecuch P, Paldus J (1989) Int J Quantum Chem 36:429
17. Piecuch P, Paldus J (1990) Theor Chim Acta 78:65
18. Kucharski SA, Bartlett RJ (1991) Theor Chim Acta 80:387

(=]



